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Graeme J Mitchison <G.J.Mitchison@damtp.cam.ac.uk> & Dec 13, 2005, 1:58 PM i‘,{ « .
to Matthias, Renato, Robert «

Dear fellow de Finetti'ists,

Here is a paper | have sketched based on what we have done so far. % ! wk
_—

Figure 1: This shows schematically the maps underlying the main theorem. From the Young
diagram A\ on n + k systems, one can go to wk by via tracing out n systems, or one can go
to A(d) by normalising the row lengths of \. From the latter space, the map 7" takes one to

Graeme W*, and the two routes end up at the same point, up to an error of order k/n.
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Definition: A distribution Px,...x, of k random variables (X3, ..., Xy) is
n-exchangeable if there is a distribution Px,...x,,
with the same marginal which is permutation-invariant, that is,

L PXW(l)mXW(n) = Px,..x,  foranypermutation 7 € S, y
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De Finetti (1931): A infinitely exchangeable sequence of binary random variables
is @ convex combination of product distributions.
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Definition: A distribution x,...x, of k random variables (X3, ..., Xy) is
n-exchangeable if there is a distribution Px,...x,,
with the same marginal which is permutation-invariant, that is,

L Px. oy Xpm = Pxy-x,,  forany permutation 7 € S, y
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Diaconis & Freedman (1980): An n-exchangeable sequence is close to a convex
combination of product distributions:

3 probability density function p such that HPXl“'Xk — f Pkd,u(P)H1 <d - %
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Definition: A distribution Px;...x, of k random variables (X3, ..., X}) is
n-exchangeable if there is a distribution Px,...x,,
with the same marginal which is permutation-invariant, that is,

L Px. 1y Xpm = Pxy-.x,,  forany permutation 7 € S, y




From classical to quantum mechanics: more symmetry

k red or green balls, randomly chosen k qubits (“quantum colored balls”)
probability — density operator P A;-.- Ay
distribution X1 X

2™ x 2™ complex nonnegative matrix

Vector of 2™ non-negative reals ,
with trace 1

summingto 1

classical guantum



From classical to quantum mechanics: more symmetry

k red or green balls, randomly chosen k qubits (“quantum colored balls”)
probability — density operator P A;--- Ay
distribution X X

n n . .
Vector of 2™ non-negative reals 2, X 2% complex Hermitan matrix
. with trace 1
summingto 1
permuting variables for any permutation 7w € Si permuting subsystems

Px,..x, 7= Px_ X0 PAi---A T PA:1yArk)

switching colors changing colors




Exchangeable multipartite quantum states

Definition: Astate PA;---A; of k qudits is n-exchangeable if there is a state A
PA,---A, Withthe same reduced density operator
suchthat pAa_,.,\---A = PA,---A, foranypermutation 7 &€ .5,
(1) w(n)
- J
Examples: Symmetric extension:
* For any qudit state O the state
PAL-- A = o®F s n-exchangeable PAL--A, = o®n
* If wisa probability distribution over states,
then pa .4, = f0'®kdlu(0') is n-exchangeable PA, A, = [ c®"du(o)




Exchangeable multipartite quantum states

Definition: Astate PA;---A, of k qudits is n-exchangeable if there is a state A
PA,---A, Withthe same reduced density operator
suchthat  PA_y-Army = PA,--A, foranypermutation 7 € 5,
- /
Example: Symmetric extension:
‘. For any permutation-invariant pure state |¥) € Sym"(C%) C ((Cd)@m ) (P
the reduced density operator
PA;---Ay Etrn_kl\IJ><\If| e
\_ is n-exchangeable. J
Physical example: ground state of a system with L _

pairwise (identical) interactions.



Finitely exchangeable quantum states: de Finetti theorems

Definition: Astate PA;---A;, of k gudits is n-exchangeable if there is a state A
PA,-.-A, Withthe same reduced density operator

9 suchthat  PA_4)—A,,) = PA;---A, foranypermutation € S, y
a . S

Thm: An n-exchangeable quantum state p is close to a convex combination of product states:

robability measure such that
3p y o’ Hp_f(j@@k:du(a)HlSdz,%

N J

* Non-commutative analog of Diaconis and Freedman’s
One-and-a-half quantum de Finetti theorems

result on finitely exchangeable sequences —
Matthias Christandl,* Robert K¢nig,! Graeme Mitchison,* and Renato Renner?
Centre for Quantum Computation, DAMTP, University of Cambridge, Cambridge CBS 0WA, UK
» Applications: separability testing, quantum key (Dated: October 4, 2008)

distribution, variational physics



de Finetti theorems for unitarily invariant states

One-and-a-half quantum de Finetti theorems

Matthias Christandl,* Robert Konig,! Graeme Mitchison,* and Renato Renner?
Centre for Quantum Computation, DAMTP, University of Cambridge, Cambridge CB3 0WA, UK
(Dated: October 4, 2008)

A dual de Finetti theorem

Graeme Mitchison*
Centre for Quantum Computation, DAM TP, University of Cambridge, Cambridge CB3 0WA, UK

The quantum de Finetti theorem says that, given a symmetric state, the state obtained by tracing
out some of its subsystems approximates a convex sum of power states. The more subsystems are
traced out, the better this approximation becomes. Schur-Weyl duality suggests that there ought
to be a dual result that applies to a unitarily invariant state rather than a symmetric state. Instead
of tracing out a number of subsystems, one traces out part of every subsystem. The theorem then
asserts that the resulting state approximates the fully mixed state, and the larger the dimension of
the traced-out part of each subsystem, the better this approximation becomes. This paper gives a
number of propositions together with their dual versions, to show how far the duality holds.



Increasing symmetry:
the twirling map
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Increasing symmetry:

. qe U
the twirling map e
U
1. Take any n-exchangeable state O =0A,---Ay
| l‘/
U U
2. Apply a (Haar-random unitary) rotation U to each subsystem.
Twirling
map
The ‘twirled’ state T(O’) — f U®kg(U*)®kdU
is n-exchangeable and has the additional symmetry
U®kT(g)(U*>®k = T(o) “unitary invariance”

\ /
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n-exchangeable unitarily invariant states

q H = 10
artial traces 9)®n erner

states on (C

form a polytope.
Extreme points are partial traces of (normalized) Young projectors.
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n-exchangeable unitarily invariant states

form a polytope.
Extreme points are partial traces of (normalized) Young projectors.



n-exchangeable unitarily invariant states

The % de Finetti theorem bounds the distance of the polytope(s) to the convex hull of the blue set.

/ Young diagram \

A = HHF

Schur-Weyl duality
((Cd)®" 2 @)\ U, ® V,

T(o(r)®") v

px the normalized
projector onto
Ux @ V)

(convex combination
of product states with r=(A1/n,...,Aa/n)
spectrumr) spectrum

partial trace of '
normalized Young
projector with
shape 1

This choice yields a

Qe Finetti theoremy

trn— kP

[ Key lemma: I|trn—kp)‘ o T( ®k ” — 2 Z,uePar(k d) dlmv ?n(2§ S“(T)l }




Old and new mathematics combined
Schur function shifted Schur function

su(At, .- h0) = Y ] A sty x) = 3 [ Orey — @)

T acp T acp

T semistandard Young tableaux c((i,j) =74 —1

a box
SHIFTED SCHUR FUNCTIONS

ANDREI OKOUNKOV! AND GRIGORI OLSHANSKI

Institute for Problems of Information Transmission
Bolshoy Karetny 19, 101447 Moscow GSP—4, Russia

1996

E-mail: okounkov@ippi.ac.msk.su, olsh@ippi.ac.msk.su

ABSTRACT

Issai Schur, 1875-1941

The classical algebra A of symmetric functions has a remarkable deformation A*,
which we call the algebra of shifted symmetric functions. In the latter algebra, there
is a distinguished basis formed by shifted Schur functions s, where p ranges over
the set of all partitions. The main significance of the shifted Schur functions is that
they determine a natural basis in Z(gl(n)), the center of the universal enveloping

algebra U(gl(n)), n=1,2,....
The functions sj, are closely related to the factorial Schur functions introduced

by Biedenharn and Louck and further studied by Macdonald and other authors.
A part of our results about the functions s}, has natural classical analogues (com-
hinatarial npacantation canavating caviac Jacobi-Trudi identity, Pieri formula).

1 . S* ( )\) ction with the binomial formula for
Key lemma: [[trorox — T(0(1)®F)]| = £ 3 cparu.a) dim Vy, 72
netrization map S(gl(n)) — U(gl(n)).

S (,r.) l r the dimension of skew shapes A/,
TTIC T apPITCation tiat woe Irave 11 mrind is the PlSyHlprTi(' character thOOI‘)’

the functions sj; by their vanishing
for the unitary groups U(n) and symmetric groups S(n) as n — oo.

irXiv:q-alg/9605042v1 28 Ma




Old and new mathematics combined

. Schur function shifted Schur function
SM()\l,...,)\d):ZH/\T(Q) /\1,... ZH()\T(Q)—CQ))
T oacep T acp
i) {18 Ty | 11 12 1|2 113 2|2 2.3
12 ] E2 12| 3 13 | 13| 13|
A2, 3 AA2 R A2 A Aol
R — Bfet1) | AdBe —T06 1) | Al — T £1) | Xilde —T0 1) | Xallis — Te 1) | Aalde — T 417 | Jaldie — e +1)

[ Key lemma: |[tri—ips — T(0(r)®)] = 13, cparia dim Vi, Fr 2 s, (1) ]




One-and-a-half quantum de Finetti theorems

Matthias Christandl,* Robert K('jnigj Graeme Mitchison,’ and Renato Renner?
Centre for Quantum Computation, DAMTP, University of Cambridge, Cambridge CB3 0WA, UK
(Dated: October 4, 2008)

When n — k systems of an m-partite permutation-invariant state are traced out, the resulting
state can be approximated by a convex combination of tensor product states. This is the quantum
de Finetti theorem. In this paper, we show that an upper bound on the trace distance of this ap-
proximation is given by 2%, where d is the dimension of the individual system, thereby improving
previously known bounds. Our result follows from a more general approximation theorem for rep-
resentations of the unitary group. Consider a pure state that lies in the irreducible representation
Uutv C Up ® U, of the unitary group U(d), for highest weights , v and p + v. Let &, be the
state obtained by tracing out U,. Then &, is close to a convex combination of the coherent states
U,(9)|v.), where g € U(d) and |v,) is the highest weight vector in U,,.

For the class of symmetric Werner states, which are invariant under both the permutation and
unitary groups, we give a second de Finetti-style theorem (our “half” theorem). It arises from a
combinatorial formula for the distance of certain special symmetric Werner states to states of fixed
spectrum, making a connection to the recently defined shifted Schur functions [1]. This formula also
provides us with useful examples that allow us to conclude that finite quantum de Finetti theorems
(unlike their classical counterparts) must depend on the dimension d. The last part of this paper
analyses the structure of the set of symmetric Werner states and shows that the product states in
this set do not form a polytope in general.

A most compendious and facile quantum de Finetti theorem

Robert Kénig* and Graeme Mitchison'
Centre for Quantum Computation, DAMTP, University of Cambridge, Cambridge CB3 0WA, UK

In its most basic form, the finite quantum de Finetti theorem states that the reduced k-partite
density operator of an n-partite symmetric state can be approximated by a convex combination
of k-fold product states. Variations of this result include Renner’s ”exponential” approximation
by ”almost-product” states, a theorem which deals with certain triples of representations of the
unitary group, and D’Cruz et al.’s result for infinite-dimensional systems. We show how these
theorems follow from a single, general de Finetti theorem for representations of symmetry groups,
each instance corresponding to a particular choice of symmetry group and representation of that
group. This gives some insight into the nature of the set of approximating states, and leads to some
new results, including an exponential theorem for infinite-dimensional systems.
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Robert Kénig* and Graeme Mitchison'
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In its most basic form, the finite quantum de Finetti theorem states that the reduced k-partite
density operator of an n-partite symmetric state can be approximated by a convex combination
of k-fold product states. Variations of this result include Renner’s ”exponential” approximation
by ”almost-product” states, a theorem which deals with certain triples of representations of the
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